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Abstract—Multipath-based simultaneous localization and map-
ping (MP-SLAM) is a well established approach to obtain position
information of transmitters and receivers as well as information
regarding the propagation environments in future multiple input
multiple output (MIMO) communication systems. Conventional
methods for MP-SLAM consider specular reflections of the radio
signals occurring at smooth, flat surfaces, which are modeled by
virtual anchors (VAs) that are mirror images of the physical
anchors (PAs), with each VA generating a single multipath
component (MPC). However, non-ideal reflective surfaces (such
as walls covered by shelves or cupboards) cause dispersion effects
that violate the VA model and lead to multiple MPCs that are
associated to a single VA. In this paper, we introduce a Bayesian
particle-based sum-product algorithm (SPA) for MP-SLAM in
MIMO communications systems. Our method considers non-
ideal reflective surfaces by jointly estimating the parameters
of individual dispersion models for each detected surface in
delay and angle domain leveraging multiple-measurement-to-
feature data association. We demonstrate that the proposed
SLAM method can robustly and jointly estimate the positions
and dispersion extents of ideal and non-ideal reflective surfaces
using numerical simulation.

I. INTRODUCTION

Multipath-based simultaneous localization and mapping

(MP-SLAM) is a promising approach to obtain position in-

formation of transmitters and receivers as well as information

regarding their propagation environments in future mobile

communication systems. Usually, specular reflections of radio

signals at flat surfaces are modeled by virtual anchors (VAs)

that are mirror images of the physical anchors (PAs) [1]–

[4]. The positions of these VAs are unknown. MP-SLAM

algorithms can detect and localize VAs and jointly estimate the

unkown and time-varying position of mobile agents equipped

with transmit or receive antennas [3]–[5]. The availability

of VA location information makes it possible to leverage

multipath propagation of radio signals for the localization

of the mobile agent and can thus significantly improve its

localization accuracy and robustness.

A. State of the Art

MP-SLAM algorithms follow the feature-based SLAM

approach [6], [7], i.e., the map is represented by an un-

known number of map features, whose unknown positions

are estimated in a sequential (time-recursive) manner. Existing

MP-SLAM algorithms consider VAs [3], [4], [8]–[10] or

master VAs (MVAs) [11], [12] as features to be mapped.

Most of these methods use estimated parameters related to

multipath components (MPCs) contained in the radio signal,
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such as distances (which are proportional to delays), angle-

of-arrivals (AOAs), or angle-of-departures (AODs) [4]. These

parameters are estimated from the signal in a preprocessing

stage [13]–[16] and are used as “measurements” available to

the SLAM algorithm. Complicating factors in feature-based

SLAM are measurement origin uncertainty, i.e., the unknown

association of measurements with map features, and the time-

varying and unknown number of map features. State-of-the-art

methods for MP-SLAM are Bayesian estimators that consider

these challenges in their joint statistical model leveraging

probabilistic data association and the new potential object

model [3], [4], [8], [15], [17]. These methods perform the

sum-product algorithm (SPA) on the factor graph representing

the resulting high dimensional estimation problem [3], [4],

[8]. However, conventional MP-SLAM methods are prone to

fail in scenarios with non-ideal reflective surfaces [18], [19]

that violate the VA model. Such scenarios lead to dispersion

effects (delay dispersion, angular dispersion) in the resulting

radio signals. Furthermore, conventional MP-SLAM methods

[3], [4], [8]–[10] assume a feature to generate only a single

measurement (point object assumption) [3], [8], while the

discussed dispersion effects can cause multiple measurements

related to a single feature. In [20], multiple measurements

are clustered whereas in [21], we proposed a method that

models the discussed dispersion effects by combining the VA

model with a uniform dispersion model in delay domain by

leveraging multiple-measurement-to-feature data association

(developed for extended object tracking [17]) for MP-SLAM.

This method can capture imperfections, such as caused by non-

calibrated antennas, that result in similar dispersion effects

over all map features. However, in realistic scenarios, one

often faces varying dispersion effects for individual VAs due

to rough walls [18], [19] or walls with cupboards or shelves.

B. Contributions

In this paper, we introduce a Bayesian particle-based SPA

for MP-SLAM for non-ideal reflective surfaces. Based on the

method from [21], [22], we model non-ideal reflective surfaces

by capturing the resulting dispersion effects in measurement

domain via a uniform dispersion extent model and proba-

bilistic multiple-measurement-to-feature association [17], [23].

Different to [21], [22], the proposed algorithm can handle

varying dispersion for individual map features by jointly

inferring dedicated dispersion parameters for each PA and VA.

Furthermore, we extend the work to multiple input multiple

output (MIMO) systems by considering amplitude, delay,

AOA, and AOD measurements and introducing a novel angular

dispersion model, which is captured by jointly inferred angular

dispersion parameters. Hence allowing us to treat (nearly) ideal
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surfaces as well as non-ideal (rough) surfaces in MIMO setups.

The key contributions are as follows.

• We use individual dispersion parameters for each VA to

account for the individual non-ideal reflective surfaces.

• We extend the work presented in [21], [22] to MIMO

systems according to [4].

• We demonstrate based on synthetically generated mea-

surements that the proposed MP-SLAM method robustly

associates single and multiple measurements per VA,

hence allowing it to easily treat perfect reflectors (point

objects) and rough surfaces (extended objects) in the same

manner due to the likelihood function introduced in [21].

Notation: Random variables are displayed in sans serif,

upright fonts; their realizations in serif, italic fonts. Vectors and

matrices are denoted by bold lowercase and uppercase letters,

respectively. For example, a random variable and its realization

are denoted by x and x, respectively, and a random vector and

its realization by x and x, respectively. Furthermore, ∥x∥ and

xT denote the Euclidean norm and the transpose of vector x,

respectively; ∝ indicates equality up to a normalization factor;

f(x) denotes the probability density function (PDF) of random

vector x; f(x|y) denotes the conditional PDF of random

vector x conditioned on random vector y. δ(·) denotes the

Dirac delta function. atan2(py, px) denotes the four quadrant

inverse tangent of a vector p = [px py]
T. The Gaussian PDF

with respect to x is fN(x;µ, σ) =
1√
2πσ

e
−(x−µ)2

2 σ2 with mean µ
and standard deviation σ [24]. The Gamma PDF with respect

to x is denoted as G(x;α, β) = 1
βαΓ(α)x

k−1e−
x
β where α

is the shape parameter, β is the scale parameter and Γ(·)
is the gamma-function. Finally, we define the uniform PDF

fU(x; a, b) = 1/(b− a)1[a,b](x).

II. GEOMETRICAL RELATIONS

At each time n, we consider a mobile agent with state

χn = [pT
n v

T
n]

T at position pn = [px,n py,n]
T moving with

velocity vn = [vx,n vy,n]
T, and J base stations, called PAs, at

known positions p
(j)
pa =

[

p
(j)
x,pa p

(j)
y,pa

]T ∈ R
2, j ∈ {1, . . . , J},

where J is assumed to be known, in an environment described

by reflective surfaces. Both the agent and all PAs are equipped

with antenna arrays. The geometry of an antenna array is

represented by its array element positions, which are defined

for the PAs arrays by the distances d
(j,h)
ant and the angles ψ

(j,h)
ant

relative to the PA position p
(j)
pa (with known orientation), and

for agent array by distance d
(h)
ant and angle ψ

(h)
ant relative to the

agent position pn and unknown orientation κn. We assume

that the agent array is rigidly coupled with vn, i.e., the array

orientation is given as κn = atan2(vy,n, vx,n).
Specular reflections of radio signals at flat surfaces are

modeled by VAs at positions p
(j)
l,va =

[

p
(j)
x,l,va p

(j)
y,l,va

]T
that

are mirror images of PAs (for details see [12]). The according

point of reflection q
(j)
l,n at the surface is given as

q
(j)
l,n = p

(j)
l,va +

(p
(j)
pa − p(j)l,va)

Tul

2(pn − p(j)l,va)
Tul

(pn − p(j)l,va) (1)

where ul is the normal vector of the according reflective

surface. The point of reflection is needed to relate AOD
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Fig. 1. Exemplary indoor environment including an agent at position pn, a
PA at position p

(j)
pa and two VAs at positions p

(j)
l,va

for corresponding surfaces.
A visualization of the array geometry definition used at the agent and PAs is
included.

measurements of MPCs to the corresponding VA. An example

is shown in Fig. 1. Since we are using AOD measurements

and VAs as map features, we can only consider VAs associated

with a single-bounce path within the algorithm. An extension

to multiple-bounce path is possible using the MVAs model

[12]. The current number of visible VAs within the scenario

is L
(j)
n for each of the J PAs. A VA does not exist at time n,

when the path between the agent and this VA is obstructed.

III. RADIO SIGNAL MODEL

At each time n, the mobile agent transmits a signal s(t)
from an antenna array equipped with H antenna elements and

each PA j ∈{1, . . . , J} acts as a receiver equipped with and

array with H(j) antenna elements. In the following, we define

p
(j)
1,va ≜ p

(j)
pa . The received complex baseband signal at the

jth PA is sampled with sampling frequency fs = 1/Ts = B,

giving an observation period of T = Ns Ts. Stacking these

Ns samples, we obtain the discrete received signal vector in

frequency domain between antenna elements h at the agent

and h′ at PA j as [21], [25]

s(j)rx,n[h, h
′]=

L(j)
n
∑

l=1

L
(j)
l,n
∑

i=1

α
(j)
l,i,nexp

(

i2π
fc
c
d
(h)
ant cos(θ

(j)
l,i,n−ψ

(h)
ant )
)

× exp
(

i2π
fc
c
d
(j,h′)
ant cos(ϑ

(j)
l,i,n−ψ

(j,h′)
ant )

)

× s
(

τ
(j)
l,i,n

)

+w(j)
n [h, h′] (2)

where [s(τ)]ℓ = S(ℓ∆)exp(i2πℓ∆τ) is the ℓth frequency

sample of the signal spectrum S(f) and c is the speed

of light. The parameters of the lth MPC at the agent and

the jth PA (for l = 1) or the corresponding VAs (for

l ∈ {2, . . . , L(j)
n }) are the complex amplitude α

(j)
l,i,n ∈ C,

the delay τ
(j)
l,i,n = τ(pn,p

(j)
l,va) + ν

(j)
l,i,n with τ(pn,p

(j)
l,va) ≜

∥

∥pn− p(j)l,va

∥

∥/c, the AOA θ
(j)
l,i,n = θ(χn,p

(j)
l,va) + η

(j)
l,i,n with

θ(χn,p
(j)
l,va) ≜ atan2(p

(j)
y,l,va−py,n, p

(j)
x,l,va−px,n)−κn, and AOD

ϑ
(j)
l,i,n = ϑ(pn,p

(j)
l,va)+ζ

(j)
l,i,n. For AOD, we have to distinguish

between ϑ(pn,p
(j)
pa ) ≜ atan2(py,n − p

(j)
y,pa, px,n − p

(j)
x,pa) for

l = 1 and ϑ(pn,p
(j)
l,va) ≜ atan2(q

(j)
y,l,n−p

(j)
y,l,va, q

(j)
x,l,n−p

(j)
x,1,va)

for l ̸= 1, where ql,n is calculated based on (1) using pn.

Due to the effects of non-ideal reflective surfaces, there are

L
(j)
l,n sub-components associated to the lth MPC generated
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by a marked Poisson point process [21], [25], [26]. Note

that with the intensity distribution of the complex ampli-

tudes α
(j)
l,i,n and arrival distributions of the sub-components

in delay ν
(j)
l,i,n, in AOA η

(j)
l,i,n, and in AOD ζ

(j)
l,i,n many

different non-ideal effects of surfaces such as roughness [18],

[19] can be described. However, for the sake of simplic-

ity and effectiveness, we have chosen the following sim-

ple model. We assume that for each MPC l there is a

main-component i = 1 and the L
(j)
l,n − 1 sub-components

with index i ∈ {2, . . . , L(j)
l,n}. The main-component is de-

scribed by the complex amplitude α
(j)
l,1,n ∈ C, the delay

τ
(j)
l,1,n = τ(pn,p

(j)
l,va), the AOA θ

(j)
l,1,n = θ(χn,p

(j)
l,va), and AOD

ϑ
(j)
l,1,n = ϑ(pn,p

(j)
l,va). The sub-components are assumed to

have complex amplitudes α
(j)
l,i,n = α

(j)
l,1,nβl,i,n with attenuation

βl,i,n and to be uniformly distributed over the dispersion

domains ν
(j)
l,i,n ∈ [0, ψ

(j)
τ,l,n], η

(j)
l,i,n ∈ [−ψ(j)

θ,l,n/2, ψ
(j)
θ,l,n/2], and

ζ
(j)
l,i,n ∈ [−ψ(j)

ϑ,l,n/2, ψ
(j)
ϑ,l,n/2], where ψ

(j)
τ,l,n, ψ

(j)
θ,l,n, and ψ

(j)
ϑ,l,n

are called dispersion parameters. Note that the distributions of

these parameters will depend on the environment properties

and can vary per component and PA.

The noise vector w
(j)
n [h, h′] ∈ C

Ns is a zero-mean,

circularly-symmetric complex Gaussian random vector with

covariance matrix σ(j)2INs
∀h, h′ and noise variance σ(j)2.

A. Parametric Channel Estimation

By applying at each time n, a channel estimation and

detection algorithm (CEDA) [13]–[16] to the full observed dis-

crete signal vector s
(j)
rx,n =

[

s
(j)
rx,n[1, 1]T · · · s(j)rx,n[H,H(j)]T

]T ∈
C
NHH(j)

of all antenna elements at agent and PA j, one ob-

tains, for each PA j, a number of M
(j)
n measurements denoted

by z
(j)
m,n with m ∈ M(j)

n ≜ {1, . . . ,M (j)
n }. Each z

(j)
m,n =

[z
(j)
τm,n z

(j)
θm,n

z
(j)
ϑm,n

z
(j)
um,n]

T representing a potential MPC

parameter estimate, contains a delay measurement z
(j)
τm,n ∈

[0, τmax] an AOA measurement z
(j)
θm,n

∈ [−π, π] and an AOD

measurement z
(j)
ϑm,n

∈ [−π, π]. We also get a normalized am-

plitude measurement1 z
(j)
um,n∈ [γ,∞), where γ is the detection

threshold. The CEDA decomposes the signal s
(j)
rx,n into individ-

ual, decorrelated components reducing significantly the num-

ber of dimensions (M
(j)
n ≪ NsHH

′). It thus compresses the

information contained in s
(j)
rx,n into z

(j)
n = [z

(j)T
1,n · · · z(j)T

M
(j)
n ,n

]T.

The stacked vector zn = [z
(1) T
n · · · z(J) T

n ]T is used by the

proposed algorithm as a noisy measurement.

IV. SYSTEM MODEL

At each time n, the state χn = [pT
n vT

n]
T of the agent

consists of its position pn and velocity vn. In line with

[8], [15], [27], we account for the unknown number of

VAs by introducing for each PA j potential VAs (PVAs)

k ∈ K(j)
n ≜ {1, . . . ,K(j)

n }. The number of PVAs K
(j)
n is

1The normalized amplitude measurements are determined as z
(j)
um,n =

|µ
(j)
α,m,n|/σ

(j)
α,m,n with µ

(j)
α,m,n ∈ C and σ

(j)
α,m,n ∈ R+ denoting respec-

tively the estimated mean and standard deviation of the complex amplitudes
provided by the CEDA.

the maximum possible number of VAs of PA j that produced

measurements so far [27] (i.e., K
(j)
n increases with time).

The state of PVA (j, k) is denoted as y
(j)
k,n ≜

[

x
(j)T

k,n r
(j)
k,n

]T

with x
(j)
k,n =

[

p
(j)T

k,va ψ
(j)T

k,n

]T
, which includes the dispersion pa-

rameters ψ
(j)
k,n = [ψ

(j)
τ,k,n ψ

(j)
θ,k,n ψ

(j)
ϑ,k,n]

T. The existence/nonex-

istence of PVA k is modeled by the existence variable

r
(j)
k,n ∈ {0, 1} in the sense that PVA k exists if and only

if r
(j)
k,n = 1. The PVA state is considered formally also if

PVA k is nonexistent, i.e., if r
(j)
k,n = 0. Since a part of

the PA state is unknown, we also consider the PA itself a

PVA. Hence, we distinguish between the PVA k = 1 that

explicitly represents the PA, which is a-priori existent and

has known (fixed) position p
(j)
1,va = p

(j)
pa , and all other PVAs

k ∈ {2, . . . ,K(j)
n } with unknown existences and positions.

Note that the PVAs state representing the PA still considers the

existence variable r
(j)
1,n. The states x

(j)T

k,n of nonexistent PVAs

are obviously irrelevant. Therefore, all PDFs defined for PVA

states, f(yk,n) = f(xk,n, rk,n), are of the form f(x
(j)
k,n, 0)

= f
(j)
k,nfd(x

(j)
k,n), where fd(x

(j)
k,n) is an arbitrary “dummy” PDF

and f
(j)
k,n ∈ [0, 1] is a constant. We also define the stacked

vectors y
(j)
n ≜

[

y
(j)T
1,n · · · y(j)T

K
(j)
n ,n

]T
and yn≜

[

y
(1)T
n · · · y(J)T

n

]T
.

A. State Evolution

For each PVA with state y
(j)
k,n−1 with k ∈ K(j)

n−1 ≜

{1, . . . ,K(j)
n−1} at time n− 1 and PA j, there is one “legacy”

PVA with state y
(j)
k,n ≜

[

x
(j)T

k,n r
(j)
k,n

]T
with k ∈ K(j)

n−1 at

time n and PA j. We also define the joint states y(j)
n

≜
[

y(j)T

1,n
· · · y(j)T

K
(j)
n−1,n

]T
and y

n
≜
[

y(1)T

n
· · · y(J)T

n

]T
. Assuming

that the agent state as well as the PVA states of all PAs evolve

independently across k, n, and j, the joint state-transition PDF

factorizes as [3], [27]

f
(

χn,yn|χn−1,yn−1

)

=f(χn|χn−1)

J
∏

j=1

K
(j)
n−1
∏

k=1

f
(

y(j)
k,n

∣

∣y
(j)
k,n−1

)

(3)

where f(y
(j)
k,n|y

(j)
k,n−1) ≜ f

(

x
(j)
k,n, r

(j)
k,n

∣

∣x
(j)
k,n−1, r

(j)
k,n−1

)

is the

legacy PVA state-transition PDF. If PVA did not exist at time

n−1, i.e., r
(j)
k,n−1=0, it cannot exist as a legacy PVA at time

n either. Thus,

f
(

x
(j)
k,n, r

(j)
k,n

∣

∣x
(j)
k,n−1, 0

)

=

{

fd

(

x
(j)
k,n

)

, r
(j)
k,n= 0

0, r
(j)
k,n=1.

(4)

If PVA existed at time n−1, i.e., r
(j)
k,n−1=1, it either dies, i.e.,

r
(j)
k,n = 0, or survives, i.e., r

(j)
k,n = 1 with survival probability

denoted as ps. If it does survive, its state y
(j)
k,n is distributed

according to the state-transition PDF f
(

x
(j)
k,n

∣

∣x
(j)
k,n−1

)

≜

δ
(

p
(j)
k,va − p

(j)
k,va

)

f
(

ψ
(j)
k,n

∣

∣ψ
(j)
k,n−1

)

[3], [8]. Thus,

f
(

x
(j)
k,n, r

(j)
k,n

∣

∣x
(j)
k,n−1, 1

)

=

{

(1−ps)fd

(

x
(j)
k,n

)

, r
(j)
k,n= 0

ps δ
(

p
(j)
k,va − p

(j)
k,va

)

f
(

ψ
(j)
k,n

∣

∣ψ
(j)
k,n−1

)

, r
(j)
k,n=1

. (5)

The agent state χn with state-transition PDF f(χn|χn−1)
is assumed to evolve in time according to a 2-dimensional,
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constant velocity and stochastic acceleration model [28]

given as χn = Aχn−1 + Bwn, with the acceleration

process wn being independent and identically distributed

(iid) across n, zero mean, and Gaussian with covariance

matrix σ2
w I2, σw is the acceleration standard deviation, and

A ∈ R
4×4 and B ∈ R

4×2 are defined according to [28,

p. 273], with observation period ∆T . The state-transition

PDFs of the dispersion parameter states f(ψ
(j)
k,n|ψ

(j)
k,n−1) =

f(ψ
(j)
τ,k,n|ψ

(j)
τ,k,n−1)f(ψ

(j)
θ,k,n|ψ

(j)
θ,k,n−1)f(ψ

(j)
ϑ,k,n|ψ

(j)
ϑ,k,n−1)

are assumed to evolve independently of each other

across n. We model the individual state-transition

PDFs by Gamma PDFs given respectively by

f(ψ
(j)
τ,k,n|ψ

(j)
τ,k,n−1) = G(ψ(j)

τ,k,n; qτ , ψ
(j)
τ,k,n−1/qτ ),

f(ψ
(j)
θ,k,n|ψ

(j)
θ,k,n−1) = G(ψ(j)

θ,k,n; qθ, ψ
(j)
θ,k,n−1/qθ) and

f(ψ
(j)
ϑ,k,n|ψ

(j)
ϑ,k,n−1) = G(ψ(j)

ϑ,k,n; qϑ, ψ
(j)
ϑ,k,n−1/qϑ), where qτ ,

qθ and qϑ represent the respective state noise parameters [17],

[29]. Small q implies a large state transition uncertainty.

B. Measurement Model

Before the measurements are observed, they are random and

represented by the vector z
(j)
m,n = [z

(j)
τm,n z

(j)
θm,n

z
(j)
ϑm,n

z
(j)
um,n]

T.

In line with Section III-A we define the nested random

vectors z
(j)
n = [z

(j)T
1,n · · · z(j)T

M
(j)
n ,n

]T, with length corresponding

to the random number of measurements M
(j)
n , and zn =

[z
(1) T
n · · · z(J) T

n ]T. The vector containing all numbers of mea-

surements is defined as Mn = [M
(1)
n · · · M(J)

n ]T.

If PVA k exists (r
(j)
k,n = 1), it gives rise to a

random number of measurements. The mean number of

measurements per (existing) PVA is modeled by a Pois-

son point process with mean µm

(

ψ
(j)
k,n

)

. The individ-

ual measurements z
(j)
m,n are assumed to be condition-

ally independent, i.e., the joint PDF of all measure-

ments factorizes as f(z
(j)
n |M (j)

n ,χn, ν
(j)
k,n, η

(j)
k,n, ζ

(j)
k,n,x

(j)
k,n) =

∏M(j)
n

m=1 f(z
(j)
m,n|χn, ν(j)k,n, η

(j)
k,n, ζ

(j)
k,n,x

(j)
k,n). If z

(j)
m,n is generated

by a PVA, we assume that the likelihood function (LHF)

f(z
(j)
m,n|χn, ν(j)k,n, η

(j)
k,n, ζ

(j)
k,n,x

(j)
k,n) is conditionally indepen-

dent across z
(j)
τm,n, z

(j)
θm,n

and z
(j)
ϑm,n

. Thus, it factorizes as

f(z(j)m,n|χn,x
(j)
k,n, ν

(j)
k,n, η

(j)
k,n, ζ

(j)
k,n)

= f(z(j)τm,n|pn,x
(j)
k,n, ν

(j)
k,n)f(z

(j)
θm,n

|χn,x(j)
k,n, η

(j)
k,n)

× f(z
(j)
ϑm,n

|pn,x(j)
k,n, ζ

(j)
k,n). (6)

The LHF of the delay measurement z
(j)
τm,n is given by

f(z(j)τm,n|pn,x
(j)
k,n, ν

(j)
k,n)

= fN

(

z(j)τm,n; τ(pn,p
(j)
k,va) + ν

(j)
k,n, σ

2
τ (z

(j)
um,n)

)

(7)

with mean τ(pn,p
(j)
k,va) + ν

(j)
k,n and variance σ2

τ (z
(j)
um,n). The

standard deviation is determined from the Fisher information

given by σ2
τ (u) = c2/(8π2 β2

bw u
2) with βbw being the root

mean squared bandwidth [30] (see Section V). The LHF of

the AOA measurement z
(j)
θm,n

is obtained as

f(z
(j)
θm,n

|χn,x(j)
k,n, η

(j)
k,n)

= fN

(

z
(j)
θm,n

; θ(χn,p
(j)
k,va) + η

(j)
k,n, σ

2
θ(z

(j)
um,n)

)

(8)

with mean θ(χn,p
(j)
k,va) + η

(j)
k,n and variance σ2

θ(z
(j)
um,n) [30].

The LHF of the AOD measurement z
(j)
ϑm,n

is defined in a

similar manner. Based on the dispersion model introduced in

the Section III, the joint PDF of the dispersion variables can

be constructed as follows [21]

f(ν
(j)
k,n, η

(j)
k,n, ζ

(j)
k,n|ψn)

=
1

2

(

δ(ν
(j)
k,n) δ(η

(j)
k,n), δ(ζ

(j)
k,n)

+ δ(ν
(j)
k,n − ψ

(j)
τ,k,n) δ(η

(j)
k,n − ψ

(j)
θ,k,n), δ(ζ

(j)
k,n − ψ

(j)
ϑ,k,n)

× fU(ν
(j)
k,n; 0, ψ

(j)
τ,k,n)fU(η

(j)
k,n;−ψ

(j)
θ,k,n/2, ψ

(j)
θ,k,n/2)

× fU(ζ
(j)
k,n;−ψ

(j)
ϑ,k,n/2, ψ

(j)
ϑ,k,n/2)

)

(9)

where the according delay dispersion random variable is given

as ν
(j)
k,n ∼ fU(ν

(j)
k,n; 0, ψ

(j)
τ,k,n) and the angular dispersion

random variables are η
(j)
k,n ∼ fU(η

(j)
k,n;−ψ

(j)
θ,k,n/2, ψ

(j)
θ,k,n/2)

and ζ
(j)
k,n ∼ fU(ζ

(j)
k,n;−ψ

(j)
ϑ,k,n/2, ψ

(j)
ϑ,k,n/2). The PDF of a

single measurement z
(j)
m,n can now be obtained by integrating

out the dispersion variables as

f(z(j)m,n|χn,x
(j)
k,n)

=

∫

f(z(j)m,n|χn,p
(j)
k,va, ν

(j)
k,n, η

(j)
k,n, ζ

(j)
k,n)

× f(ν
(j)
k,n, η

(j)
k,n, ζ

(j)
k,n|ψ

(j)
k,n)dν

(j)
k,n dη

(j)
k,ndζ

(j)
k,n

= f(z(j)τm,n|pn,p
(j)
k,va)f(z

(j)
θm,n

|χn,p(j)k,va)f(z
(j)
ϑm,n

|pn,p(j)k,va)

+ f(z(j)τm,n|pn,p
(j)
k,va, ψ

(j)
τ,k)f(z

(j)
θm,n

|χn,p(j)k,va, ψ
(j)
θ,k)

× f(z
(j)
ϑm,n

|pn,p(j)k,va, ψ
(j)
ϑ,k) (10)

with the main-component PDFs

f(z(j)τm,n|pn,p
(j)
k,va)=fN(z

(j)
τm,n;τ(pn,p

(j)
k,va),σ

2
τ (z

(j)
um,n) (11)

f(z
(j)
θm,n

|χn,p(j)k,va)=fN(z
(j)
θm,n

;θ(χn,p
(j)
k,va),σ

2
θ(z

(j)
um,n) (12)

f(z
(j)
ϑm,n

|pn,p(j)k,va)=fN(z
(j)
ϑm,n

;ϑ(pn,p
(j)
k,va),σ

2
ϑ(z

(j)
um,n) (13)

as well as the additional sub-component PDFs

f(z(j)τm,n|pn,p
(j)
k,va, ψ

(j)
τ,n)

=
1

ψ
(j)
τ,n

∫ ψ(j)
τ,n

0

fN

(

z(j)τm,n; τ(pn,p
(j)
k,va)+ν

(j)
k,n, σ

2
τ (z

(j)
um,n)

)

dν
(j)
k,n

=
1

2ψ
(j)
τ,n

(

erf

(

τ(pn,p
(j)
k,va) + ψ

(j)
τ,n − z

(j)
τm,n

στ (z
(j)
um,n)

√
2

)

− erf

(

τ(pn,p
(j)
k,va)− z

(j)
τm,n

στ (z
(j)
um,n)

√
2

))

(14)

and

f(z
(j)
θm,n

|χn,p(j)k,va, ψ
(j)
θ,n)

=
1

ψ
(j)
θ,n

∫ ψ
(j)
θ,n

/2

−ψ(j)
θ,n

/2

fN

(

z
(j)
θm,n

; θ(χn,p
(j)
k,va)+η

(j)
k,n, σ

2
θ(z

(j)
um,n)

)

dη
(j)
k,n

=
1

2ψ
(j)
θ,n



erf





θ(χn,p
(j)
k,va) + ψ

(j)
θ,n/2− z

(j)
θm,n

σθ(z
(j)
um,n)

√
2





− erf





θ(χn,p
(j)
k,va)− ψ

(j)
θ,n/2− z

(j)
θm,n

σθ(z
(j)
um,n)

√
2







 (15)
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where f(z
(j)
ϑm,n

|pn,p(j)k,va, ψ
(j)
ϑ,n) is defined in a similar man-

ner as (15). Note that in (13), we have to distinguish be-

tween k = 1 and k ̸= 1 (see Section III). It is also

possible that a measurement z
(j)
m,n did not originate from

any PVA (false positive measurements comprise false alarms

and clutter measurements). False positive measurements are

assumed statistically independent of PVA states. They are

modeled by a Poisson point process with mean µfp and PDF

ffp(z
(j)
m,n), which is assumed to factorize as ffp(z

(j)
m,n) =

ffp(z
(j)
τm,n)ffp(z

(j)
θm,n

)ffp(z
(j)
ϑm,n

). The false positive PDF for

a single delay measurement is assumed to be uniformly

distributed as ffp(z
(j)
τm,n) = fU(z

(j)
τm,n; 0, τmax). For a single

AOA and AOD measurement, the false alarm PDF is as-

sumed to be distributed as ffp(z
(j)
θm,n

) = fU(z
(j)
θm,n

;−π, π)
and ffp(z

(j)
ϑm,n

) = fU(z
(j)
ϑm,n

;−π, π). The mean number of

PVA-related measurements µm

(

x
(j)
k,n

)

≜ µm

(

ψ
(j)
k,n

)

is well

approximated as

µm

(

ψ
(j)
k,n

)

=
(

1 +
Nny,τ ψ

(j)
τ,n

c Ts

+
ψ
(j)
θ,n

Nny,θ
+
ψ
(j)
ϑ,n

Nny,ϑ

)

pd (16)

where pd is the probability of the detection associated with the

detection threshold γ of the CEDA, Nny,τ is average number

of components to be detected within one Nyquist sample, and

Nny,θ and Nny,ϑ are the average numbers of components within

the respective Rayleigh resolutions.

C. New PVAs

Newly detected PVAs, i.e., actual VAs that generate a

measurement for the first time, are modeled by a Poisson

point process with mean µn and PDF fn

(

x(j)
m,n|χn

)

. Following

[3], [27], newly detected VAs are represented by new PVA

states y(j)m,n, m ∈ {1, . . . ,M(j)
n }, where each new PVA state

corresponds to a measurement z
(j)
m,n; r

(j)
m,n = 1 implies that

measurement z
(j)
m,n was generated by a newly detected VA.

Since newly detected VAs can potentially produce more than

one measurement, we use the multiple-measurement-to-feature

probabilistic data association and define this mapping as

introduced in [17], [23]. We also introduce the joint states

y(j)n ≜
[

y
(j)T
1,n · · · y(j)T

M
(j)
n ,n

]T
and yn ≜

[

y(1)T
n · · · y(J)T

n

]T
. The

vector of all PVAs at time n is given by yn ≜
[

yT

n
yT
n

]T
.

Note that the total number of PVAs per PA is given by

K
(j)
n = K

(j)
n−1 +M

(j)
n .

Since new PVAs are introduced as new measurements are

available at each time, the number of PVAs grows indefinitely.

Thus, for feasible methods a suboptimal pruning step is

employed that removes unlikely PVAs (see Section IV-F).

D. Association Vectors

MP-SLAM is complicated by data association uncertainty

meaning that it is unknown which measurement z
(j)
m,n orig-

inated from which VA. Furthermore, it is not known if a

measurement did not originate from a PVA, i.e., it is a false

positive measurement. Following [17], we use measurement-

oriented association variables

b
(j)
m,n ≜











k ∈ {1, . . . ,K(j)
n−1 +m}, if measurement m was

generated by PVA k

0 , otherwise

and define the measurement-oriented association vector b(j)n =

[b
(j)
1,n · · · b(j)

M
(j)
n ,n

]. We also define bn ≜ [b(1)T
n · · · b(J)T

n ]T.

E. Joint Posterior PDF

By using common assumptions [3], [27], and for fixed

(observed) measurements z1:n, it can be shown that the

joint posterior PDF of χ1:n ≜ [χT
1 · · ·χT

n]
T), y1:n, and b1:n,

conditioned on z1:n for all time steps n′ ∈ {1, . . . , n} is

given by

f(χ1:n,y1:n, b1:n|z1:n)

∝ f(χ1)

J
∏

j′=1

K
(j′)
1
∏

k′=1

f
(

y(j′)
k′,1

)

n
∏

n′=2

f(χn′ |χn′−1)

×
J
∏

j=1

(K
(j)

n′−1
∏

k=1

g
(

y(j)
k,n′

∣

∣y
(j)
k,n′−1

)

×
M

(j)

n′
∏

l=1

q
(

χn′ ,y(j)
k,n′

, b
(j)
l,n′ ; z

(j)
l,n′

)

)

×
(M

(j)

n′
∏

m=1

v
(

χn′ ,y
(j)
m,n′ , b

(j)
m,n′ ; z

(j)
m,n′

)

×
m−1
∏

h=1

u
(

χn′ ,y
(j)
m,n′ , b

(j)
h,n′ ; z

(j)
h,n′

)

)

(17)

where g(y
(j)
k,n|y

(j)
k,n−1), q

(

χn,y
(j)
k,n, b

(j)
l,n; z

(j)
l,n

)

,

u
(

χn,y
(j)
k,n, b

(j)
h,n; z

(j)
h,n

)

and v
(

χn,y
(j)
m,n, b

(j)
m,n; z

(j)
m,n

)

are

explained in what follows. The pseudo state-transition

function is given by

g(y(j)
k,n

|y(j)
k,n−1

)

≜







e−µm

(

x
(j)
k,n

)

f(x
(j)
k,n, 1|x

(j)
k,n−1, r

(j)
k,n−1), r

(j)
k,n=1

f(x
(j)
k,n, 0|x

(j)
k,n−1, r

(j)
k,n−1), r

(j)
k,n=0

(18)

and the pseudo prior distribution as

f(y
(j)
k,n|χn)≜







µnfn
(

x
(j)
k,n|χn

)

e−µm

(

x
(j)
k,n

)

, r
(j)
k,n=1

fd
(

x
(j)
k,n

)

, r
(j)
k,n=0 .

(19)

The pseudo likelihood functions related to legacy PVAs for k ∈
K(j)
n−1 q

(

χn,y
(j)
k,n, b

(j)
l,n; z

(j)
l,n

)

= q
(

χn,x
(j)
k,n, r

(j)
k , b

(j)
l,n; z

(j)
l,n

)

is

given by

q
(

χn,x
(j)
k,n, 1, b

(j)
l,n; z

(j)
l,n

)

≜







µm

(

x
(j)
k,n

)

f(z
(j)
l,n

|χn,x
(j)
k,n

)

µfpffp(z
(j)
l,n

)
, b

(j)
l,n=k

1, b
(j)
l,n ̸=k

(20)

and q
(

χn,x
(j)
k,n, 0, b

(j)
l,n; z

(j)
l,n

)

≜ 1 − δ(b
(j)
l,n − k). The pseudo

likelihood functions related to a new PVA (with k ∈ M(j)
n \m)

u
(

χn,y
(j)
k,n, b

(j)
h,n; z

(j)
h,n

)

= u
(

χn,x
(j)
k,n, r

(j)
k , b

(j)
h,n; z

(j)
h,n

)

, where

h ∈ {1, ...,m− 1} is given by

u
(

χn,x
(j)
k,n, 1, b

(j)
h,n; z

(j)
h,n

)

≜







f(y
(j)
k,n

|χn)µm

(

x
(j)
k,n

)

f(z
(j)
h,n

|χn,x
(j)
k,n

)

µfpffp(z
(j)
h,n

)
, b

(j)
h,n=K

(j)
n−1+k

1, b
(j)
h,n ̸=K

(j)
n−1+k

(21)



6

j = J

y
1

.

.

.

.

.

.

y
K1

.

.

.

y1

y2

.

.

.

y
M

.

.

.

b1

b2

bM

.

.

.

j = 1

y
1

.

.

.

.

.

.

y
K1

.

.

.

y1

y2

.

.

.

y
M

.

.

.

b1

b2

bM

.

.

.

χ

f(χ) g(·) q(·) u(·) v(·)
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Fig. 2. Factor graph for proposed algorithm. At MP iteration p, we use the

following short hand notation: f(χ) ≜ f(χn|χn−1), g(·), q(·), u(·) and
v(·) corresponds to (18), (20), (21), (22), respectively. The time evolution of
the agent state and VAs is indicated with dashed arrows.

and u
(

χn,x
(j)
k,n, 0, b

(j)
h,n; z

(j)
h,n

)

≜ 1 − δ(b
(j)
h,n − (K

(j)
n−1 +

k)), whereas for k = m as v
(

χn,y
(j)
m , b

(j)
m,n; z

(j)
m,n

)

=

v
(

χn,x
(j)
m,n, r

(j)
m,n, b

(j)
m,n; z

(j)
m,n

)

is given by

v
(

χn,x
(j)
m,n, 1, b

(j)
m,n; z

(j)
m,n

)

≜







f(y(j)
m,n|χn)µm

(

x
(j)
m,n

)

f
(

z
(j)
m,n|χn,x

(j)
m,n

)

µfpffp(z
(j)
m,n)

, b
(j)
m,n=K

(j)
n−1+m

0, b
(j)
m,n ̸=K(j)

n−1+m

(22)

and v
(

χn,x
(j)
m,n, 0, b

(j)
m,n; z

(j)
m,n

)

≜ 1−δ(b(j)m,n−(K
(j)
n−1+m)).

The factor graph representing the factorization (17) is shown

in Fig. 2. The proposed message passing is similar to [21].

F. Detection of PVAs and State Estimation

At each time n and for each PA j, the CEDA provides the

currently observed measurement vector z
(j)
n , with fixed M

(j)
n ,

according to Section III-A. We aim to estimate all states using

all available measurements z1:n from all PAs up to time n. We

calculate estimates of the agent state χn by using the minimum

mean-square error (MMSE) estimator [31, Ch. 4], i.e.,

χMMSE
n ≜

∫

χnf(χn|z1:n)dχn (23)

0

5

10

−10 −5 0 5 10

ppap2,va

p3,va

p4,va

p5,va

x
in

m

y in m

refl. surfaces

agent trajectory

PA pos.

VA pos.

Fig. 3. Considered scenario for performance evaluation. Perfect reflectors are
indicated with straight lines and rough surfaces with wavy lines.

The map of the environment is represented by reflective

surfaces described by PVAs. Therefore, the state x
(j)
k,n of

the detected PVAs k ∈ {1, . . . ,K(j)
n } must be estimated.

This relies on the marginal posterior existence probabili-

ties p(r
(j)
k,n = 1|z1:n) =

∫

f(x
(j)
k,n, r

(j)
k,n = 1|z(j)1:n)dx

(j)
k,n

and the marginal posterior PDFs f(x
(j)
k,n|r

(j)
k,n = 1, z1:n) =

f(x
(j)
k,n, r

(j)
k,n=1|z1:n)/p(r(j)k,n=1|z1:n). A PVA k is declared

to exist if p(r
(j)
k,n=1|z1:n) > pcf, where pcf is a confirmation

threshold [31, Ch. 2]. To avoid that the number of PVA states

grows indefinitely, PVA states with p(r
(j)
k,n=1|z1:n) below a

threshold ppr are removed from the state space (“pruned”). The

number K̂
(j)
n of PVA states that are considered to exist is the

estimate of the total number L
(j)
n of VAs visible at time n.

For existing PVAs, an estimate of its state x
(j)
k,n can again be

calculated by the MMSE

x
(j)MMSE

k,n ≜

∫

x
(j)
k,n f(x

(j)
k,n |r

(j)
k,n=1, z1:n) dx

(j)
k,n (24)

where x
(j)MMSE

k,n = [p
(j)MMSE

k,n ,ψ
(j)MMSE

k,n ]T. The calculation of

f(χn|z1:n), p(rk,n = 1|z), and f(x
(j)
k,n| r

(j)
k,n = 1, z1:n) from

the joint posterior f(χ1:n,y1:n, b1:n|z1:n) by direct marginal-

ization is not feasible. By performing sequential particle-based

message passing (MP) [3], [27], [32] using the SPA rules [33]

on the factor graph in Fig. 2, approximations (“beliefs”) b
(

χn
)

and b
(

y
(j)
k,n

)

of the marginal posterior PDFs f(χn|z1:n),
p(r

(j)
k,n=1|z1:n), and f(x

(j)
k,n| r

(j)
k,n = 1, z1:n) can be obtained

in an efficient way for the agent state as well as all legacy and

new PVA states.

V. NUMERICAL RESULTS

We consider an indoor scenario shown in Fig. 3. The

scenario consists of one PA at position p
(1)
pa = [0.1 6]T and four

reflective surfaces, i.e., 4 VAs. The agent moves along a track

which is observed for 300 time instances n with observation

period ∆T = 1 s.

Measurements are generated according to the proposed

system model in Section IV-B and to the scenario shown in

Fig. 3. The distances of the main components are calculated

based on the PA and the corresponding VAs positions as well

as the agent positions (see Section III). The signal signal-to-

noise-ratio (SNR) is set to 40 dB at an line-of-sight (LOS)
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Fig. 4. Results for converged simulation runs. (a) shows the RMSE of the agent position over the whole track. (b) and (c) present the MOSPA and the
cardinality error. (d) - (f) show the RMSE of the dispersion parameters. The legend is explained in what follows. The word true and dotted lines indicate the
true dispersion parameters for each PA or VA. § and solid lines correspond to unknown VA dispersion parameters but known PA dispersion parameters. ∗
and dashed lines indicate unknown dispersion parameters.

distance of 1m. The amplitudes of the main-components (LOS

component and the MPCs) are calculated using a free-space

path loss model and an additional attenuation of 3 dB for each

reflection at a surface. The sub-components are generated with

a constant amplitude attenuation βl,i,n = 0.9 for all i and for

all n and fixed dispersion parameters ψτ,l,n = ψτ,l = ψd,l/c,
ψθ,k,n = ψθ,k, and ψϑ,k,n = ψϑ,k for all n. We define

Nny = 4, Nny,θ = Nny,ϑ = 2 and pd = 0.98. In addition false

positive measurements are generated according to the model

in Section IV-B with a mean number of µfp = 5. For the

calculation of the measurement variances, we assume a 3-dB
system bandwidth of B = 500MHz for some known transmit

signal spectrum for a carrier frequency of fc = 6GHz. The

arrays employed at agent and PA are of identical geometry

with H = H(j) = 9 antenna elements in (known) uniform

rectangular array (URA)-configuration spaced at λ/2, where

λ = c/fc is the carrier wavelength. We use 105 particles.

The particles for the initial agent state are drawn from a 4-

D uniform distribution with center x0 = [pT
0 0 0]T, where

p0 is the starting position of the actual agent track, and the

support of each position component about the respective center

is given by [−0.1m, 0.1m] and of each velocity component is

given by [−0.01m/s, 0.01m/s]. At time n= 0, the number of

VAs is 0, i.e., no prior map information is available. The prior

distribution for new PVA states fn

(

x(j)
m,n|xn

)

is uniform on the

square region given by [−15 m, 15 m]×[−15 m, 15 m] around

the center of the floor plan shown in Fig. 3 and the mean

number of new PVAs at time n is µn = 0.01. The probability

of survival is ps = 0.999. The confirmation threshold as

well as the pruning threshold are given as pcf = 0.5 and

ppr = 10−3, respectively. For the sake of numerical stability,

we introduce a small amount of regularization noise to the VA

state pk,va at each time step n, i.e., p
(j)
k,va=p

(j)
k,va+ωk, where

ωk is iid across k, zero-mean, and Gaussian with covariance

matrix σ2
a I2 and σa = 10−3 m. The state transition variances

TABLE I
DISPERSION PARAMETER SETTINGS

PA VA1 VA2 VA3 VA4

ψd 0 m 0 m 0.2 m 0.1 m 0 m

ψθ 0◦ 0◦ 10◦ 5◦ 0◦

ψϑ 0◦ 0◦ 10◦ 5◦ 0◦

are set as σw = 10−3 m/s2, qτ = qθ = qϑ = 103 [17], [29].

The performance is measured in terms of the RMSE of the

agent position and the dispersion parameters as well as the

optimal subpattern assignment (OSPA) error [34] of all VAs

with cutoff parameter and order set to 5 m and 2, respectively.

The MOSPA errors and RMSEs of each unknown variable are

obtained by averaging over all simulation runs.

Experiment: For the investigation of the proposed method,

we define for each surface an individual roughness as shown

in Fig. 3. This is captured by individual dispersion parameter

settings as given in Table I. We performed 100 simulation

runs. In each simulation run, we generated noisy measure-

ments z
(j)
m,n according to the measurement model proposed

in Section IV-B. In the case ψk = 0 only main-component

measurements are generated, which is equivalent to the system

model in [8]. The results are summarized in Fig. 4. We inves-

tigated the impact of two different settings on the estimation

performance. The first one assumes the dispersion parameters

of the PA as known and of the VAs as unknown. The second

one assumes all dispersion parameters as unknown. The RMSE

of the agent positions is shown in Fig. 4a. Assuming known

dispersion parameters for the PA results in the smallest RMSE.

The results show that estimating the dispersion parameters

comes at the cost of localization accuracy. Fig. 4b and 4c show

the MOSPA error and its mean cardinality error contributions,

respectively. After a few time steps, the number of VAs is

estimated correctly, hence the only significant contribution in

the MOSPA are the positioning errors of the VAs. It shows

a slight performance gap between unknown and known PA
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dispersion parameters due to the same reasons as mentioned

above. The RMSEs of the dispersion parameters are presented

in Fig. 4d, 4e and 4f. The true values are indicated with dotted

lines in the same color. The results show that the dispersion

parameters are well estimated and converge to the true value.

For dispersion parameters equal to zero, the convergence is

much slower. This is due to the fact that for a single measure-

ment, there is a model mismatch in the likelihood. This could

lead to a biased estimate at the beginning, which reduces to

zero over time as indicated by the results. In addition, knowing

the PA dispersion parameters has no significant impact on the

estimation accuracy of the other dispersion parameters. For

the unknown PA dispersion parameters, we observe a slightly

slower convergence to zero. We assume that this is caused by

the smaller measurement variance due to the higher amplitude

of the LOS path. Note that the performance of MP-SLAM,

using only the point-object assumptions, is presented in [21]

for a similar setting.

VI. CONCLUSIONS

We have proposed a new multipath-based SLAM (MP-

SLAM) for non-ideal reflective surfaces in multiple input mul-

tiple output (MIMO) wireless communication systems where

single- or multiple-measurements can be generated by a single

environment feature (virtual anchor (VA)). By introducing

individual dispersion parameters for each physical anchor (PA)

and VA, the proposed method fuses the information contained

in ideal and non-ideal reflective surfaces. We demonstrated that

the proposed algorithm can robustly and jointly estimate the

position and dispersion extents of ideal and non-ideal reflective

surfaces in a challenging scenario involving different types of

surfaces. Possible directions for future research include in-

corporating multiple-measurements-to-feature data association

into the master VA-based SLAM method.
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